EXISTENCE OF LOG CANONICAL CLOSURES 



CHRISTOPHER D. HACON AND CHENYANG XU 



Abstract. Let / : X — s- [/ be a projective morphisni of normal varieties and 
{X, A) a dlt pair. We prove that if there is an open set U'^ C U, such that 
{X, A) X (7 has a good minimal model over and the images of all the 
non-kit centers intersect C/°, then {X,A) has a good minimal model over U. 
As consequences we show the existence of log canonical compactifications for 
open log canonical pairs, and the fact that the moduli functor of stable schemes 
satisfies the valuative criterion for properness. 
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1. Introduction 

Throughout this paper, the ground field k is the field of complex numbers. The 
main purpose of this note is to prove the following theorem. 

Theorem 1.1. Let f : X ^ U be a projective morphism of normal varieties, A 
a Q-divisor such that {X, A) is a dlt pair and S = [AJ the non-kit locus. Assume 
that there exists an open subset G U such that A") := (X, A) has 
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a good minimal model over , and that any stratum of S intersects X^. Then 
{X, A) has a good minimal model over U . 

There are several interesting consequences of this result. 

We begin by establishing the existence of log canonical closures of non-proper 
log canonical pairs. 

Corollary 1.2 (Existence of log canonical closure). Let he an open subset of 
a normal quasi-projective variety U , /° : X^ a projective morphism, and 

A°) a log canonical pair. Then there exists a projective morphism f : X ^ U 
and a log canonical pair {X, A) such that X^ = X Xu is an open subset and 
AO = AUo. 

Our next application establishes the existence of compactifications of log canon- 
ical morphisms. 

Definition 1.3 ( |KM98t 7.1]). Let X be a normal variety, / : X — )• f/ a dominant 
morphism to a smooth curve [/, A an effective Q-divisor such that Kx + A is 
Q-Cartier. We say that / is a log canonical morphism., or an Ic morphism, if 
(X, A + Xp) is Ic for all closed points p ^ U, where Xp is the fiber over p. 

As a corollary to (11. ip . we give an affirmative answer to the following conjecture 
due to KoUar-Kovacs. 

Corollary 1.4 ( [KKlOt Conjecture 7.16]). Let U be a smooth curve. Let f^ : 
X" U be an affine finite type Ic morphism. Then there exists a finite dominat- 
ing base change morphism 9 : U ^ U and a projective Ic morphism f : X ^ U 
such that X^ Xu U C X and flxoxuu ^ /° 

Next we prove the following statement which implies the properness of the 
moduli functor of stable schemes (cf. 

Corollary 1.5. Let f^ : X° be a projective morphism, {X^,A^) a log 

canonical pair, U the germ of a smooth curve, p E U a closed point and = 
U \ {p}. If Kxo + A° is f^ -ample, then there is a finite dominating base change 
9 : U ^ U , a log canonical pair (X, A) and a projective Ic morphism (X, A) — )■ f/ 
such that Kx + A ample over U and the restriction of (X, A) to the pre-image 
9-^{U°) IS isomorphic to (X°, A°) XuU. 

The techniques developed for proving (II. ip can also be used to verify the follow- 
ing statement, which is conjectured by J. KoUar as a tool to study the geometry 
of e-lc centers. 

Theorem 1.6 ( |Kollarllbt Conjecture 4.11]). Let f : X ^ U be a projective 
morphism between normal varieties. A' and A" effective Q-divisors on X such 
that (X, A' + A") IS a Q-factorial Ic pair, (X, A") is dlt and Kx + A' + A" 0. 
Then the {Kx + A")-MMP with scaling over U terminates with either a Mori 
fibration or a Q-factorial good minimal model. 
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Remark 1.7. Note that several of the above results were proven independently 
by C. Birkar (cf. |Birkarll| ) under some mild additional assumptions. In partic- 
ular, compare [Birkar 111 1.3, 1.9] to (11. ip and (11. 6p . Moreover, as explained in 
[Birkar 111 1.6], (II. 6p immediately implies the existence of log canonical flips cf. 



ffLS]) below. 

Corollary 1.8. Let f : X Z be a flipping contraction for a log canonical pair 
{X, A) . Then the flip of f exists. 

We will now briefly sketch the idea of the proof of (II. ip and give an outline of 
this paper. The proof is by induction on the dimension and is divided into three 
main steps which are given in Sections 3-5. The goal is to show that the dlt pair 
{X, A) admits a good minimal model over U. Because of the inductive structure of 
the proof, it is necessary to establish an analogous statement for the non-kit locus 
S = [AJ or more precisely for the sdlt pair {S, As) where ^5' + A^ := {Kx + A)\s 
is defined by adjunction. Note that 5* is not normal, however we may assume by 
induction on the dimension, that the required statement holds on each irreducible 
component Si of S. We then use Kollar's gluing theory to deduce the result on 
S. This step is achieved in Section 3. 

In Section 4, we observe that the result in Section 3 and a result of Fujino (cf. 
|Fujino05| ), which generalizes the main theorem of Kawamata in [Kawamata85j . 
immediately imply that any minimal model of {X, A) is indeed a good model. 

Therefore, the proof of (II. ip is reduced to proving the existence of a minimal 
model for the dlt pair (X, A). This is the most technical step. The difficulty is 
two- fold. First, since the pair is not of log general type, we must work with the 
litaka fibration and apply Kawamata's canonical bundle formula. This introduces 
several technical difficulties. Second, as already apparent in [BCHMlO] . it is hard 
to directly show the termination of flips. Instead we follow some ideas developed 
in jBCHMlOl Section 5]: we flrst see that it suffices to find a neutral model (see 
[BCHMlOl 5.3] for the deflnition) which contracts the 'right' components. Then 
to construct such a neutral model, we use Shokurov's idea which reduces the 
problem to a special termination question (cf. [Shokurov92j ) . so that we can 
apply induction on the dimension. 

In Section 6, we prove the above mentioned corollaries to (11.11) . and in the last 
section, we discuss (following ideas due to V. Alexeev, J. Kollar, N. Shepherd- 
Barron and others) the relationship between the results of this paper and the 
question of the existence of a natural compactification of the moduli space of 
canonically polarized varieties. 

2. Preliminaries 

We will follow the terminology from [KM98] . We will also need the definition of 
certain singularities of semi-normal pairs. Let X be a semi-normal variety which 
satisfies Serre's condition 5*2 and A be a Q-divisor on X, such that Kx + A is 
Q-Cartier. Let n : X" X he the normalization of X and write n*{Kx + A) = 
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Kx" + A" + r, where V is the reduced double locus. We say that (X, A) is 
semi-log canonical or sic if {X^, + F) is log canonical and {X, A) is divisorial 
semi-log-terminal or dslt if (X", A'^ + F) is dlt. Note that if (X, A) is dlt and B is 
a union of components of [AJ , then (B, Diff^(A)) is dslt, where -ft"B + Diff^(A) = 
{Kx + A)\b. 

Given a dlt pair (X, A) with non-kit locus S = [AJ , write S = YlJLi Si where 
each Si is a prime divisor. We say that Z G S is a stratum of S if Z is a. non-empty 
irreducible component of Sj = Hi^jSi, for some subset / C {1,2,..., m}. 

Let (yf : X — J- y be a proper morphism between two normal varieties. We say 
that g is an algebraic fibration if g^Ox = Oy- If / : X — ?7 is an algebraic fibra- 
tion, and J-" is a coherent sheaf on X, then J-" is generated over U (or f -generated) if 
the homomorphism f*f^:T — ?■ J-" is surjective. Notice that ii g :U -^V is another 
algebraic fibration, then J-" is generated over V implies that J-" is generated over 
U (in fact since the composition {go f)*{go f)*J^ = f*{g*9*{f*J^)) — > f*f*J^ — ^ 
is surjective, so is the homomorphism f* f*J^ — ?■ J-"). 

Let : X y be a proper birational contraction of normal quasi-projective 
varieties (so that in particular 0"^ contracts no divisors). If D is a Q-Cartier 
divisor on X such that D' := (p^D is Q-Cartier then we say that is D-non- 
positive (resp. D-negative) if for a common resolution p : W ^ X and q : W Y, 
we have p*D = q*D' -\- E where E > and p^,E is 0-exceptional (respectively the 
support of p^:E equals the set of ^-exceptional divisors). Suppose that f : X ^ U 
and /m : Xm U are projective morphisms, : X --^ Xm is a birational 
contraction and (X, A) and {Xm, Am) are log canonical pairs, kit pairs, or dlt 
pairs where Am = (p*A. If a{E;X,A) > a{E; Xm, Am) for all 0-exceptional 
divisors E G X, Xm is Q-factorial and Kxj^j + Am is nef over U, then we say 
that : X Xm is a minimal model. If instead a(£';X, A) > a(i?;XM, Am) 
for all divisors E and Kxj^j + Am is nef, then we call Xm a weak log canonical 
model of Kx + A over U. 

We say Kxj^j+Am is semi-ample over U if there exists a morphism ip : Xm — ?■ Z 
between normal varieties projective over U such that Kxj^, + Am ~q 'ip*A for 
some Q-divisor A on Z which is ample over U. When ip*Ox = Oz, Kxj^j + Am 
is semi-ample over U if and only if there exists an integer m > such that 
Ox^i{'m{Kxf^, + Am)) is generated over U. Note that in this case 

R{XmIU, Kx,, + Am) := /*Ox„(m(i^xM + Am)) 

m.>0 

is a finitely generated Cjy-algebra and Z = 'Pio]R{Xm /U, Kx^^, + Am)- Recall 
that for any Q-divisor D on X, the sheaf f^Ox{D) is defined to be /*(9x(L-^J)- 
A minimal model : X Xm is called a good minimal model (or a good model 
for short) if Kx^ + Am is semi-ample. If Kx^ + Am is semi-ample and big over 
U , then we let X^c = Proji?(X/?7, Kx + A) be the log canonical model of (X, A) 
over U . More generally, we say that a birational contraction (7 : X ---> F over U 
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is a semi-ample model of a Q-Cartier divisor D over U ii g is D-non-positive, Y 
is normal and projective over U and H = g^^D is semi-ample over U . 

Let X be a projective variety, B a big M-divisor on X and C a prime divisor 
on X. Then we have 

ac{B) := inf{muhc(5')|5' ~k 5,5' > 0}. 



Note that ac is a continuous function on the cone of big divisors (cf . |Nakayama04 
III. 1.7]). Now let D be any pseudo-effective M-divisor and let A be any ample 
Q- divisor. Define 

aciD) = MrnaciD + eA). 

Then ac{D) exists and is independent of the choice of A. There are only finitely 
many prime divisors C such that acXD) > and the M-divisor 



N^{D) = Y,^ciD)-C 



is determined by the numerical equivalence class of D (cf. |Nakayama04 III.l] or 



[BCHMlOl 3.3]). For the relative case, let / : X — > f/ be a projective morphism 
of normal varieties, we can similarly define ar{D/U) and Nfj{D/U) for /-pseudo- 
effective divisors as in |Nakayama04 , III. 4]. We note that it is not known that 



ar{D/U) < +00 always holds (however see |Nakayama04 , III. 4. 3] for some cases 



in which the answer is known). In this paper we will only consider the case in 
which D ~Q,/ A(-R'x + A) where A > and (X, A) is a dlt pair. In this case 
ar{D/U) < +00 always holds by |BCHM10j . 

Let {X, A) be a projective log pair. The group Bir(X, A) consists of all bi- 
rational self maps (p : X X , such that if we let X'^ be a resolution of the 
indeterminacy 



X r .X, 

then p*{Kx -|- A) = q*{Kx + A) (cf. [FujinoOO] ). For any positive integer m, We 
call the homomorphism 

Pm. : Bir(X, A) ^ Ant{H\X, Ox{m{Kx + A)))) 

the B-representation. 

2.1. Canonical bundle formula. In this subsection, we will give a version of 
the canonical bundle formula that follows from the work of Kawamata, Fujino- 
Mori and Ambro (cf. |Kawamata9"8] . |FM00j . |Ambro04j and |Kollar07j i. 
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Theorem 2.1. Let (X, A) be a dlt pair and f : X ^ U a projective morphism 
over a normal variety U . Then there exists a commutative diagram of projective 
morphisms 




with the following properties 

(1) fi is a birational morphism, h is an equidimensional algebraic fibration, 
X' has only Q-factorial toroidal singularities and Y is smooth; 

(2) there exists a Q^- divisor A' onX' with coefficients < 1, such that (X', Supp(A')) 
is quasi-smooth (i.e., (X', Supp(A')) is toriodal and X' is Q-factorial), 
and 

^i,Ox'{m{Kx' + A')) = Ox{m{Kx + A)), Vm G N; 

(3) there exist a Q-divisor B and a Q-line bundle J such that B is effective, 
Ky + B + J is big over U , J is g-nef and a positive integer d such that 
we can write 

h\KY + B + J) + Rr^QKx' + A', 

where R > and KOx'{dm{Kx' + A')) = OY{dm{KY + J + B)), for all 
m e N; 

(4) (Y, Supp(B)) log smooth, the coefficients of B are < 1 and each component 
of \_B\ is dominated by a vertical component of [AJ . 

Proof. We may choose a birational projective morphism n : X' ^ X , such that 
there exists a projective morphism h : X' ^ Y of smooth projective varieties over 
U and the restriction hrj : — )■ Y^j over the generic point r/ of f/ is birational to 
the the litaka fibration of X^ over t]. By the weak semi-stable reduction theorem 
of Abramovich and Karu (cf. |AKOO] ). we can assume that, h : {X',D') -> 
(Y, Dy) is an equidimensional toroidal morphism for some divisors D' on X' and 
Dy on Y where (X', D') is quasi-smooth, Y is smooth and /i~^(AuSing(X)) C D' 
(see [KawamatalOt 2]). Therefore, if we write fi*{Kx + A)+F = i^x' + A', where 
F and A' are effective with no common components, then Supp(A') C D'. Clearly 
(X', A') satisfies (1) and (2). 

It follows from the proof of |FMOO[ 4.5] that there exists a Q-divisor R on X' 
such that 

• Kx' + A' ~Q h*{Ky + B + J) + R, where B is the boundary part and J 
is the moduli part. 

• Ris effective and KOx'{iR) = Oy for all i > 0. 
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To see that R is effective, write R = — -R^° where R^^ and R^^ are effective 
with no common components and recall that by |FMOO^ 4.5 (ii)], codim(/i(i?^°) C 
Y') > 2. Since h is equidimensional, we have = 0. 

If we write B = Y^tpP, where P are codimension 1 points on Y, then tp = 1 — 
sp, where sp is the log canonical threshold of h~^{P) with respect to (X, A' — R) 
over the generic point of P (cf. |FM00l 4.3], |Kollar07l 8.5.1]). Since KOx'{iR) = 
Oy, it follows that Supp(i?) does not contain all the components of h~^{P) which 
dominate P. Thus we have sp < 1 and so tp > 0. On the other hand, R 
is effective over the generic point of P. Therefore, sp is not less than the log 
canonical threshold of h^^{P) with respect to (X', A') over the generic point of 
P. We also have Supp(i?) C Dy- Thus we obtain (4). 

To verify that J is nef over U, we first remark that by [KawamatalOl 1(4)], 
the Q-line bundle J computed from X' ^ Y commutes with any pull back in 
the sense of |Kollar07t 8.4.9(3)]. Since J is defined by a variation of mixed 
Hodge structures (cf. |Kollar07] 8.4.5(7)]), its (7-nefness follows from |Fujino04] 
or [KawamatalOt 25]. 



We need the following simple lemma. 

Lemma 2.2. Let h : X ^ Y and h' : X' ^ Y' be a projective algebraic fiber 
space over U . Let /i : X X' and rj : Y --^ Y' be birational contractions. 
Let D be a Q-Cartier divisor on X such that D ^q^u h*E for some Q-Cartier 
Q-divisor E on Y . Assume that rj^E is Q-Cartier on Y' . 
If fi^D r^Qy then r^Q^u h'*{r]^E). 

Proof. Replacing ii^ by a relatively Q-linearly equivalent Q-divisor, we can assume 
that D = h*E (cf. |Kollar07l 8.3.5]). 

If ~Q,y' 0, then F := fi^D — h'*{rj^E) is a divisor on X' whose image in 
Y' is of codimension > 2. By our assumption, it follows that F ~Q,y' and so 



2.2. Minimal Models. In this subsection, we will collect results on the existence 
of good minimal models. A large part of them are already known. 

Theorem 2.3. Let f : X U be a projective morphism, (X, A) a Q-factorial 
dlt pair, S = [AJ the non-kit locus. Assume that either 

(1) A is big over U and no strata of S is contained in B+(A/t/), or 

(2) Kx + A zs big over U and no strata of S is contained in B+(A"x + A/t/), 



(3) Kx + A not pseudo- effective over U . 

Then the {Kx + A) -minimal model program with scaling of an ample divisor over 
U terminates with either a good minimal model or a Fano contraction. 

Proof. This is an immediate consequence of |BCHM10l 1.3.3, 1.4.2] and their 



□ 



F = (cf. |Kollar07l 8.3.5]). 



□ 



or 



proofs. 



□ 
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Lemma 2.4. Let f : X ^ U be a projective morphism, {X, A) a dlt pair and 
: X Xm CLud (j)' : X --">■ X'j^.^ he minimal models for Kx + A over U . Then 

(1) the set of (f)- exceptional divisors concides with the set of divisors contained 
in B_(i^x + ^/^) (^''^d if (f) is a good minimal model for Kx + A over U , 
then this set also coincides with the set of divisors contained in 'Q{Kx + 

NU), 

(2) --->• Xm is an isomorphism in codimension 1 such that a{E; Xm, 0*A) = 
a{E] X'j^, 0'^A) for any divisor E over X, and 

(3) if (I) is a good minimal model of Kx + A over U , then so is 0'. 

Proof. Let p : Y ^ X and q : Y ^ Xm be a common resolution. Since is 
[Kx + A)-negative, we have that p*{Kx + A) = q*{KxM + 4>*^) + E where E is 
effective, g-exceptional and the support ofp^E is the set of ^-exceptional divisors. 
By INakayamaOil 5.14], we have N^{p*{Kx + A)/f/) = E. By |NakayamaO"4 



5.15], we have Na{Kx + A/f/) = p^E. This proves (1) 

It follows from (1) that X'j^ ---»• Xm is an isomorphism in codimension 1. By 
the Negativity Lemma (cf. |BCHM10l 3.6.2]), we have that a(E;XM,0*A) = 
a{E\ 0*^) for any divisor E over X. Thus (2) holds. 

Let p -.Y ^ X'^j and g : F — > Xm be a common resolution. By (2), we have 
that p*{Kx'^ + 0*A) = q*{KxM + (/'*A), and so both of these are semiample over 
U if one of them is. (3) follows immediately. □ 

Lemma 2.5. Let f : X U be a projective morphism, {X, A) a dlt pair and 
: X --^ X' a birational contraction over U such that X' is Q-factorial and the 
support of Fix(_R'x + ^/U) (i.e., the divisorial components of B(A'x + A/f/)^ 
equals the set of (p- exceptional divisors. If {X, A) has a good minimal model over 
U say ip : X --->■ Xm and Kx' + 0*A is nef over U, then (p is a minimal model 
of{X,A) overU. 

Proof. Since ip : X Xm is a good minimal model, by (12. 4p the support of 
Fix(i^x + ^/U) equals the set of -^-exceptional divisors and so X' --^ Xm 
is an isomorphism in codimension 1. But then, by the Negativity Lemma (cf. 
[BCHMlOl 3.6.2]), it follows that a(E,X',0*A) = a(E, Xm, ^A^A) for all divisors 
E over X' . Thus (p is {Kx + A)-negative. □ 

Lemma 2.6. Let f : X ^ U he a projective morphism, (X, A) and (X, A') he 
pairs such that (X, At := (1 — t)A + tA') is a dlt pair for any < t < 1. Assume 
that Kx + A is semi-ample overU and g : X — )• Z := Proji?(X/f/, i^x + ^) is the 
corresponding morphism. If (X, A') admits a good minimal model h : X --^ Xm 
over Z , then h is a minimal model of (X, A^) over U for all < t 1 . 

Proof. We follow ideas from |Shokurov96] . By our assumption, there is a Q- 
divisor H on Z which is ample over U such that Kx + A ~(Q,t/ g*H. Let m > 
be an integer such that rriH is Cartier. We claim that Kx^^f + h^At is nef over U 
for any < t < ,^J^^x - 
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Suppose not, then Kxj^i + is not nef over f/, and there is a {Kxj^i + h^Af)- 
negative extremal ray R in NE{X m/U). Note that as Kx^i + h^,A is nef over U, 
R is also a {Kx„.j + /i*A')-negative extremal ray and so it is spanned by a curve 
S such that < —{Kx^ + /i*A') ■ S < 2dimX by a result of Kawamata (cf. 
|Kawamata91j or |BCHM10| 3.8.2]). Moreover, as Kx^ + h^At is nef over Z, we 
have that Qa^T, ^ where gu '■ Xm — ?■ Z. Thus 

> {Kx,, + KAt) ■ S = t{Kx,, + KA') ■£ + (!- t)(KxM + ^*A) • S 

> -2tdimX + (l-t)if-^M*S > -2t dimX + (1 - t)— > 0. 

m 

This is impossible and so Kxf^; + h^At is nef over U for all < t < 14,2m dim x ■ 

Since /i is {Kx + A')-negative and i^Tx + A 0, /i is {Kx + At)-negative for 
any < t < 1, we conclude that Xm is a minimal model of (X, At) over t/. □ 

We will need the following result. 

Lemma 2.7. Let (X, A) he a Q-factorial dlt pair, f : X ^ U a projective 
morphism and A an f -ample Q-divisor. Then the following are equivalent. 

(1) R{X/U;Kx + A,Kx + A + A) := f.OxMKx + A) +n2{Kx + 
A + A)) is finitely generated, 

(2) (X, A) has a good minimal model over U and the {Kx + A)-MMP over 
U with scaling of A terminates. 

Proof. By [CLIOI 6.8, 7.1] and its proof (1) implies (2). Conversely if the {Kx + 
A)-MMP over U with scaling of A terminates, then there exists a rational number 
to > and birational contraction over U say : X --->• X' which is a Kx + A + tA 
good minimal model over U for all < t < to- Thus 

R{X/U-Kx + A,Kx + A + A):= f,Ox{ni{Kx + A)+n2{Kx + A + A)) 

is finitely generated by [BCHM10| Theorem E] and (12.81) below. □ 

Lemma 2.8. Let f : X ^ U he a projective morphism and A and B he semi- 
ample divisors over U . Then the ring R{X/U ; A, B) is finitely generated. 

Proof. Well known. □ 

Next, we recall the following result of Kawamata (cf. [Kawamatalll Corollary 
5]). For the reader's convenience, we include a proof. 

Corollary 2.9. Let f : X ^ U he a projective morphism and (X, A) a Q- 

factorial dlt pair with a good minimal model over U . Then any {Kx + A) -minimal 
model program over U with scaling of an ample divisor terminates. 

Proof. Let : X --^ Xm be the good minimal model of (X, A) over U and X' 
a birational model of X with two proper birational morphisms : X' — > X and 
q:X'^ Xm. We have ^i*{Kx + A) = q*{Kx,j + Am) + E where Am = 0*A and 
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E is effective, g-exceptional and j2^,E is supported on the (^-exceptional divisors. 
Write fi*{Kx + A) + F = Kx' + A', where F and A' are effective and have 
no common components. Then Kx' + A' = q*{KxM + A^/) + E + F. Since 
E + F \s g-exceptional, one of its components is contained in B_(Ji'x' + A'/Xm). 
Running a (i^x'+A')-MMP over Xm with scahng of an ample divisor, we contract 
the divisorial components of ^-{Kx' + A' /Xm) and hence some component of 
the support oi E + F. We obtain a rational map 0' : X' --^ such that 
(i)',{F + = and hence + Am) = Kx'^^ + Ki where A'^ = 0',A' and 

'■ X'm ~^ -^M is the induced morphism. Thus 0' is a good minimal model for 
{X', A') over Xm- In particular, 0' is also a good minimal model of (X', A') over 
U. 

Let X'm -^Y = FrojR{X' /U;Kx' + A') be the induced morphism. Let A be 
a general very ample Q-divisor on X, A' = fi*A and Ai ~(q,(7 A + Ahe Q-divisor 
such that {X, Ai) is kit and Ai > eA for some < e < 1. Let At = (l-t)A+tAi 
then {X, At) is kit for < t < 1. We write 

Kx' + A[-Ft = fi*{Kx + At), 

where A^ and Ft are effective with no common component. There exists a rational 
number < to ^ 1, such that Supp(A') C Supp(A^^) and Supp(F) C Supp(Ft(j). 
For < t < to, we have A^ = (1 - ^)A' + ^A^^. 

Note that (X^^, A'j^j = 0'^A') is dlt and 0' is an isomorphism at the general 
point of any strata of [0'^A'J (cf. |BCHM10| 3.10.11]) and hence we can assume 
that for any < t < to ^ 1 we have 

0:a;) is kit and 0:(A' + tA')) is dh. 

Note that 0'^Aj is big over U and hence over Y for any t > 0. Let X'^j ---»■ X'l^ be a 
good minimal model of Kx'^^ + (p',A[ over Y (cf. ([23D)- By (ESD, X'^^ --^ X'l^ is a 
good minimal model of -ft'x;,^ +0* A^ over U for any < a <^ to. Applying (12. 8p to 
X'Ij, we conclude that R{X'j^j/U ; Kx' + 01A', Kx' + 0'*A'„) is finitely generated 
for < a ^ to. Since any {Kx' + A')-flip or divisorial contraction is also a 
{Kx' + A'„)-fiip or divisorial contraction for any < a <^ to, we can assume that 
0' is also (i^'x'+A^)-non-positive and it follows that R{X'/U; Kx'+A', Kx' + A'^) 
is finitely generated for < a <^ to. Since 

Kx' + A[^Q^ur{Kx + A + tA)+Ft V < t < to 

and Ft is //-exceptional, R{X/U ; Kx + A, Kx + A + a A) is finitely generated for 
< a < to. By ( K7} . the {Kx + A)-MMP over U with scaling of A terminates 
and this concludes the proof. 

□ 

Lemma 2.10. Let f : X ^ U be a projective morphism, (X, A) a dlt pair and 
fi : X' ^ X a proper birational morphism. We write Kx' + A' = fi*{Kx + A) + F 
where A' and F are effective with no common components. 
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Then {X, A) has a good minimal model over U if and only if (X', A') has a 
good minimal model over U . 

Proof. Suppose that (X, A) has a good minimal model over U say : X Xm, 
then (Xm, Am = 0*A) is dlt. By ( 12. 9p . we may assume that is the output of 
a minimal model program with scaling. Let 8 be the union of the //-exceptional 
divisors E (Z X' such that a{E] X, A) < and whose center V is not contained in 
B[Kx + A/U). In particular no component of F is contained in S. Since </> is an 
isomorphism at the generic point of V, by [BCHMlOl 1.4.3], there exists a proper 
birational morphism of normal varieties hm '■ — ^ Xm whose exceptional 
divisors correspond to the divisors in £. Thus, 0' : X' --->• X^^ is a birational 
contraction such that (t>i{F) = and hence (j)'^{Kx' + A') = fil,^{KxM + Am)- Let 
p : W ^ X' and q : W ^ X^j be a common resolution, then 

ifi o pYiKx + A) = ifiM o qTiKx,, + Am) + G = q*(t>'SKx' + A') + G 

where G is effective, (/im o g)-exceptional and the support of (/i op)^G is the set 
of 0-exceptional divisors. But then 

p*{Kx' + A') = p*{fi*{Kx + A) + F) = g^^Ui^'x' + A')+p*F + G. 

Since (/iop)(G) C B(i^x+^/f^)5 the support of G does not contain any center on 
W of any divisor in S. It follows that p*F + G is g-exceptional and that F + p^,G 
is supported precisely on the set of ^'-exceptional divisors. In fact, the inclusion 
C is immediate and the inclusion D follows since any ^'-exceptional divisor E 
with fi{E) C B(ii'x + A/U) satisfies a(£';X, A) < a(£';XM,AM) and hence is 
contained in whilst any ^'-exceptional divisor E with fi{E) (f_ ^{Kx + A/U) 
is contained in Supp(-F) by the definition of X'j^j. Thus 0' is a good minimal 
model for Kx' + A' over U . 

We now assume that (X', A') has a good minimal model over U say </>' : X' --^ 
X'^.j. By (12. 9p . we may assume that (p' is given by a sequence of {Kx' + A')-fiips 
and divisorial contractions over U . Then the rest of the proof is exactly the same 
as the second paragraph of the proof of fl2.9p . □ 

Lemma 2.11. Let f: X ^ U be a projective morphism, (X, A) a dlt pair and 
(f) : X --^ Xm a, good minimal model for Kx + A over U. If ip : X --->• Y = 
Proj-R(X/[/, Kx + A) is a morphism, then there is a good minimal model for 
Kx + A over Y . 

Proof. Let // : X' — )■ X and A' be defined as in fl2.10l) . then it suffices to show that 
Kx' + A' has a good minimal model over Y. Thus, we may assume that z/ : X' --^ 
Xm is a morphism. Recall that Kx' + A' = fi*{Xx + A) + E where E is effective 
and /i-exceptional and note that fi*{Kx + A) = i'*{Kx,^, + Am) + F where F is 
effective, //-exceptional and ^^F is supported on the 0-exceptional divisors. Thus 
Kx' + A' = +Am)+F + E where E + F is //-exceptional. If F + F ^ 0, 

then some component of its support is contained in 'Q-{Kx' + A' / Xm)- It is then 
easy to see that after finitely many steps of the (i^x'+A')-minimal model program 
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with scaling over Xm we obtain 0' : X' --->■ X^, where B_(i^x^^ + 0'^A'/Xjvf) = 
and hence + -E) = 0. If : -^m ~^ -^m is the induced morphism, then 

Kx'^ + 0*A' = n^{Kxj^j + 0*A) is semiample over U and hence over Y. Thus 
is the required Kx' + A' has a good minimal model over Y. □ 

The following result is a generalization of [Lailll 4.4]. The proof follows ideas 
of Shokurov (cf. [Birkarlll 3.7]; see also GongyolT] ). 



Theorem 2.12. Let f : X U be a surjective projective morphism and (X, A) 
a dlt pair such that 

(1) for a very general point u E U, the fiber {X^^Au = A|x„) has a good 
minimal model, and 

(2) the ring R{X/U ; Kx + A) is finitely generated. 
Then {X, A) has a good minimal model over U . 

Proof. We may assume that / has connected fibers and that U is affine. By 
(12.1 op . we may assume that (X, A) is log smooth and that there is a morphism 
(p:X^Y:= Vio]R{X/U, Kx + A). We follow the strategy of jLiiTT] . 

Write Kx + A ^q^u G = + G\ where G > and (resp. G"*) is the 
vertical (resp. horizontal) part with respect to 0. Note that R{Xu, Kx^ + A„) is 
finitely generated, F„ = Proji?(Xu, Kx^ + A„) and X„ — > y„ is a morphism. By 
(12. lip , after running a {Kx + A)-minimal model program over Y with scaling of 
an ample divisor say rj : X --^ X', we may assume that the very general fiber of 
(f)' : X' Y is a. good minimal model for Kx^ + Au (cf. (12. 6p ). Moreover, we may 
assume that B_{Kx' + A'/y) does not contain any divisorial component where 
A' is the strict transform of A. As the very general fiber X'^ of (j)' has Kodaira 
dimension zero, we have (?7*G)|x{, ~q and hence t]^,G^ = 0. In particular, we 
may assume ?7^,G is vertical. 

Following the arguments in the fourth paragraph of the proof of jLaillt 4.4] 
one sees that, for any codimension 1 point P G F, Supp(?7*G^) does not contain 
Supp(</)'~^P). In particular, ?7*G^ is of insufficient fiber type over Y (see |LailH 
2.9]). This implies that some component of ?7*G^ is contained in B_(i^'x'+^V^)- 
Thus r]^:G'" = by our assumption of X'. Therefore, r/ is a good minimal model 
for Kx + A over Y so that Kx' ~\~ A' ^q^u (j)' M where M is an ample divisor 
on Y over U and : X' — )■ y is the induced morphism. Thus 77 : X --■> X' is a 
good minimal model for Kx + A over U. □ 

Corollary 2.13. Let h : Z ^ Y be an algebraic fiber space projective over U, 
{Y, 0) a kit pair and {Z, Az) a dlt pair such that h*{KY + Q) ^q,u Kz + Az- Let 
rj : Y Y' be a {KY + Q)-flip or divisorial contraction overU . Then there exists 
a {Kz + Az)-negative birational contraction fi : Z --->• Z' to a normal variety Z' 
with a projective morphism h' : Z' ^ Y' such that Kz'+Az' ^q,u h'*{KY' +1^*0) 
where Az' = /i*A^. 

Furthermore, if E is a Q-Cartier Q-divisor on Y, then ^^h*E ~q,(7 h'*ri^,E. 
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Proof. If ?7 is a flip, let Y ^ W be the flipping contraction. Consider the mor- 
phism {Z, Az) — )■ W. Since Y ^ W is birational, we know that + Az^ ~(q 
for a general fiber Zt oi Z ^ W . Since for d sufficiently divisible, 

R{Z/W, d{Kz + A)) ^ R{Y/W, d^Ky + 6)) 

is a finitely generated O^y-algebra, by fl2.12p . there exists a good minimal model 
Z' of {Z, Az) over W. Let Az' be the push forward of Az to Z'. Since Kz' + Az' 
is semiample over W and 

r = Proji?(Z/iy, Kz + Az) = PToiR{Z'/W, Kz' + A^O, 

we have a morphism h' : Z' ^ Y' such that A'^/ + A^/ ~(Q,y' 0. If 77 is a divisorial 
contraction, we have W = Y' and a same argument as above still holds. Finally, 
by (12. 2p . we conclude that Kz' + Az' h'*{KY' + ?7*6). 

To see the last statement, since E ~(q,vk (i{Ky + 0) for some a G Q, then 
~Q,vF + A^), which implies fi^:h*E ^q^w Oj{Kzi + A^/). In particular, 

fit,h*E ~Q,y/ 0, and we can conclude by (12.21) . □ 

3. Abundance for semi log canonical pairs 

In this subsection, we prove the following statement. An immediate conse- 
quence is that if we assume that (ll.iP r.-i holds, then a similar result holds for 
the non-kit locus of an ra-dimensional pair which is usually not dlt but only dslt. 

Proposition 3.1. Let (X, A) be a dslt pair, projective over a normal variety U 
and n : X" X be the normalization. Write n*{Kx + A) = Kx^ + A" + T, 
where T is the double locus. Assume that 

(1) there exists an open set f/° C U, such that if we write A°) = 
{X, A) Xjj U^, then Kxo + A° is semi-ample over , 

(2) the image of any non-kit center of (X", A" + F) intersects , 

(3) Kx" + A" + F zs semi-ample over U . 

Then Kx + A is semi-ample over U . 

The main technique we will use is Kollar's powerful gluing theory. We will 
use the results of |Kollar08] and [Kollart Chapter 3] that give an inductive con- 
dition about when the quotient of a profinite equivalence relation X exists. 
By [Kollart Chapter 3], this inductive condition is well suited for the category 
of stratified varieties, where the stratification is given by non-kit centers, i.e., 
varieties with log canonical (Ic) stratifications (cf. (13. 5p ). 

The /-qlc stratification of a given minimal quasi log canonical (qlc) structure 
/ : (a:. A) ^ F is studied in |KK10j (see also |Ambro03] and |Fujino08| ). It turns 
out that the minimal qlc stratification shares many of the properties established 
for Ic stratifications. Our main observation in this section is that, Kollar's gluing 
theory also works for compatible /-qlc stratifications. 
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3.1. Kollar's gluing theory. In this subsection we briefly review Kollar's the- 
ory of flnite quotients. We refer for |KolIar08] and [Kollart Chapter 3] for more 
details. 

Definition 3.2 ( [Kollart 3.34]). Let X be a scheme. A stratification of X is 
a decomposition of X into a flnite disjoint union of reduced locally closed sub- 
schemes. We will consider stratiflcations where the strata are of pure dimensions 
and indexed by the dimension. We write X = VJiSiX where SiX C X is the z-th 
dimensional stratum. Such a stratifled scheme is denoted by (X, 5**). We also 
assume that Ui^jSiX is closed for every j. The boundary of (X, 5**) is the closed 
subscheme 

BX := Ui<dimx5'iX = X \ ^dirnxX. 

Let (X, S**) and (Y, S^,) be stratifled schemes. We say that / : X — F is 
a stratified morphism if f{SiX) C SiY for every i, or equivalently, if S^X = 
f~^{SiY) for every i. 

Definition 3.3 ( [Kollart 3.35]). Let (X, S**) be stratifled variety. A relation (Xj : 
R =^ (X, S**) is stratified if each cTj is stratiflable and cr^^S^ = 0-2^8^. Equivalently, 
there is a stratiflcation {R,a~^S^) such that r G a~^SiR iff cri(r) G S^X iff 
cT2(r) G SiX. 

Definition 3.4 ( [Kollarl 3.37]). Let X be an excellent scheme. We consider 4 
normality conditions on stratiflcations. 

(N) We say that {X,S^) has normal strata, or that it satisfles condition (N), 
if each SiX is normal. 

(SN) We say that (X, S"*) has seminormal boundary, or that it satisfles condi- 
tion (SN), if X and the boundary BX = Uj<dimX'S'jX are both seminormal. 

(HN) We say that (X, S**) has hereditarily normal strata, or that it satisfles 
condition (HN), if 

(a) X satisfles (N), 

(b) the normalization n : X^ — )■ X is stratiflable, and 

(c) its boundary i?(X") satisfles (HN). 

(HSN) We say that (X, S^) has hereditarily seminormal boundary, or that it 
satisfles condition (HSN), if 

(a) X satisfles (SN), 

(b) the normalization it : X^ — )■ X is stratiflable, and 

(c) its boundary 5(X") satisfles (HSN). 

The flrst example is the following. 



Example 3.5. (cf. |Kollar| 3.47]) Let (X, A) be a log canonical pair. Let 



S*{X,A) C X be the union of all non-kit centers of (X, A) of dimension < i, 
and SiX := S'*(X, A) \ S'*_;^(X, A). We call this the log canonical stratification 
or Ic stratification of (X, A). By [KKlOl 5.7] the Ic stratiflcation (X, S^) satisfles 
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all of the conditions (N), (SN), (HN), (HSN). Furthermore, if D C [AJ is a di- 
visor with normalization D"', then — > X is a stratified morphism from the Ic 
stratification of (-D", Diff^A) to the Ic stratification of {X, A) where Diff^A is 
defined by i^D- + Diff^A = {Kx + A)\d^. 

The following definitions generalize the concept of Ic stratification. 

Definition 3.6. ( [KK10[ 5.3]) Let F be a normal scheme. A minimal quasi-log 
canonical structure, or simply a minimal qlc structure, on y is a proper surjective 
morphism / : (X, A) — )■ F where 

(1) (X, A) is a log canonical pair, 

(2) Oy = f.Ox , and 

(3) i^x + A~/,QO. 

Definition 3.7 ( |KK10t 5.4]). Let F be a normal scheme and assume that it 
admits a minimal qlc structure / : {X, A) — )■ Y. We define the qlc stratification 
of Y with respect to f or simply the f-qlc stratification {Y, S^,{X/Y, A)) in the 
following way: Let Hx denote the set of all non-kit centers of (X, A), including 
the components of A and X itself. For each Z G Tix let 

Wz := f{Z) \ U fin 

z'€nxJ{z)^fiz') 

Moreover, let Hyj = {Wz\Z eHx}- Then 

Y = Y[ ^ 

WgHyj 

is the qlc stratification ofY with respect to /; its strata are the f-qlc strata. We 
can also define S*Y and SiY as above. 

We also refer to [Kollart 3.24-27] for the definitions of equivalence relation, 
pro-finite relation and geometric quotient. 

Theorem 3.8 ( [Kollart 3.40]). Let (X, 5*) be an excellent scheme or algebraic 
space over a field of characteristic with a stratification. Assume that (X, S^^) 
satisfies the conditions (HN) and (HSN). Let R ^ X be a finite, set theoretic, 
stratified equivalence relation. Then 

(1) the geometric quotient X/R exists, 

(2) vr : X — > X/R is stratifiable and 

(3) {X/ R^Ti^^St,) also satisfies the conditions (HN) and (HSN). 

The following lemma is important for our purposes. 

Lemma 3.9. Let (X, S**) be a stratified space satisfying (N) and Z G X a closed 
subspace which does not contain any of the irreducible components of the SiX . Let 
R ^ (X, S**) be a pro-finite, stratified set theoretic equivalence relation. Assume 
that R\x\z is a finite set theoretic equivalence relation. Then R is also a finite 
set theoretic equivalence relation. 
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Proof. See [Kollarl 3.61]. □ 

3.2. Semi-ampleness for sic pairs. Let {X, A) be a sdlt pair, F" be tlie nor- 
malization of the double (non-normal) locus of F C X" and r : F" — )■ F" be 
the induced involution. Then {ti,T2) '■ F" =^ X" is a finite stratified equivalence 
relation and the normalization map is given by the quotient morphism 

TT : X" -> X = X"/i?, 

where R is the finite equivalence relation generated by F". 
If we assume that 



7r 



*{Kx + A) = Kx^ + A'' 



is semi- ample on X", then we have an algebraic fibre space : X" — given 
by \mL\ for m > sufficiently big and divisible. Let /i" : F" — > T" be the fibre 
space induced by |mL|r"| after possibly replacing m by a multiple. Then we have 
the commutative diagram 



where the morphisms {ti,T2) : F" — >■ X" induce morphisms (cri,(T2) : T" — F", 
where ai o h"' indeed gives the Stein factorization of o n : F" — >■ Y^. Therefore, 
gu . ^x^, A"+F) — > y" gives a minimal qlc structure which induces a minimal qlc 
stratification S*(X"/r", A" + F) on F" (cf. ([32D) and so does /i" : (F", 9) ^ T", 
where 

Kp„ + e = (i^x- + A" + F)|rn. 

Lemma 3.10. andT^ with the above minimal qlc structures satisfy conditions 
(HN) and (HSN). 

Proof. See [KKlOl Proposition 5.7]. □ 

Lemma 3.11. ((Ti,(T2) : T" =^ gives a stratified equivalence relation. 

Proof. To verify that ai^S^ = (J2^S^^ we only need to check that crJ^S^ coincides 
with the minimal qlc stratification of T". We apply induction on i and assume 
that the statement is true for all dimensions less than i. 

Since aj is finite, we first verify that SiT"^ C a~^{SiY'^) for all z, which is 
equivalent to aj{SiT^) C SiY"^ for all i. Let Z be an i-dimensional stratum of 
T" for the minimal qlc stratification, it follows from the definition that there is 
a non-kit center Zi of (F*^, B) such that h^{Zi) = Z which is the closure of Z. 
By inversion of adjuction, Tj{Zi) is also a non-kit center of (X", A" -|- F), and so 
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crj(Z) = g"-oTj{Zi) is contained in S*Y^. Therefore, it follows from the induction 
that 

aj{Z) = aj{Z \ 5;„i(T")) C \ 5*„iF" = 5^^". 

For the other direction, let Z be an i-dimensional stratum on F". We assume 
aJ^{Z) 7^ 0. Since aj(T"') is a union of strata, we know that Z C ajiJ"^). By def- 
inition, there is a non-kit center Zi of {X^, A" + r), such that g^^{Zi) = Z. There- 
fore, it follows from |KK10l Theorem 1.7] that if we let p : rn(^")"H^) ^ W 
and q : W ^ Z he the Stein factorization, then for every irreducible compo- 
nent Wi C W, there is a non-kit center Zwi C F of (X", A*^ + F) such that 
p{ZwJ = W,. 

It is easy to see that F" — > X"' is a stratified morphism for the Ic stratification 
given by (F'^, 9) and (X", A'^ + F) (cf. [Kollarl 3.48|). So the preimages of Zw^ 
in F" are unions of non-kit centers Z^. .. Thus h^{Zw/. .) \ S*_^T^ is a strata in 
S'jT'^and because of the induction assumption its image in is Z. Therefore, 
we conclude that aJ^iSiV) C SiT''. 

□ 

Proposition 3.12. T" =^ generates a finite set theoretic equivalence relation. 

Proof. Let Z C be the closed subset given by the preimage of U in V^. 
It suffices to verify the conditions of (13. 9p . By our assumptions there is no non- 
kit center of (X, A) contained in the preimage of f/ \ and hence no strata of 
(F", 5"*) contained in Z. We let X^ — y° be the algebraic fibration induced by 
the semi-ample divisor {Kx + A)|jico over ?7°. Therefore, over the quotient 
yn^j^n g^ists and is given by Y'^. This implies that the restriction of the relation 
generated by T" to F" Xu is finite. □ 

Theorem 3.13. The quotient Y ofT"^^ exists. Furthermore, there exists a 
morphism g : X Y . 

Proof. By fIXTUD . fIXTT]) . (Km and dSSD- □ 

Proof of (13.11) . We follow very closely the arguments of jKoUarl 3.84]. 

Let m be a positive integer such that M := m{Kx" + A" + F) is Cartier and 
base point free over U, inducing the algebraic fibre space g"' : X^ — )■ Y"' over 
U. Therefore, there is a very ample line bundle H on Y"^ such that g^*H = M. 
Let px '■ X^i — )■ X" and py '■ YJ} ^ Y"' be the total spaces of the line bundles 
M and H. If we let AJ^ = p3f^(A") and Tm = Px^O^), then the morphism 
g^j : {Xpj, Apj + Tm) — !■ YJ^ yields a minimal qlc structure on Y^, whose induced 
stratification is simply the pull back of the stratification of Y^ coming from 
the minimal qlc structure on (X",A" -|- F). In particular, this minimal qlc- 
stratification on satisfies conditions (HN) and (HSN). 

Let Tpj —J- F"- (resp. T|} — T") be the total space of the restriction of the line 
bundle M (resp. H) to F"^ (resp. T"). The involution r of F"^ lifts to an involution 
of F^ which preserves the non-kit centers of (F^j, Diffp,i A^). Similarly as above. 
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this yields a pro-finite relation (ai/^, (72/^) '■ =^ Yg which is also stratified. In 
what follows, we will check that the pro-finite relation {aiu,a2H) '■ =^ 
indeed generates a finite set theoretic equivalence. 

Since the morphism from each component of Xyg SiY^ to SiY^ is finite 
surjective, where is the relation generated by =^ Y^, to show the finiteness, 
i.e., to check that i?^ Xyg SiY^ — SiYg is finite, we only need to verify this over 
the generic point y of each strata of "Hyo^o of Y (see (13. 9p ). The pre-images 
of ?/ in F" are all generic points of some strata of "Hyn^^n. Let Vi denote 
the fiber of Y^ over the point yi G Y"', which is the 1-dimensional vector space 

V, := Y^ k{y,) = H%y„ 0,,(if|,J) = H\Xl,Ox^im{Kx^ + A" + r)U„ )), 

where Xy^ = X"' Xyn {yi}. The involution a^j : gives a collection 

of isomorphisms (Tijk : Vi ^ Vj. (A given yi can have several preimages in T", 
and each of these gives an isomorphism of Vi to some Vj. Hence there could be 
several isomorphisms from Vi to Vj for fixed The aijk generate a groupoid. 
All possible composites 

(Jij2k2 o CTjaiafcs o ■ ■ ■ o aj„ik„ : V ~^ V 

generate a subgroup of Aut(V^), called the stabilizer staJo{Vi) . Note that =^ Yg 
is a finite set theoretic equivalence relation iff stab(\^) C Aut(Vi) is a finite 
subgroup for every i. 

From the definition of the minimal qlc stratification, we know that there are 
non-kit centers of (X", A" + r) which dominate the closure oiyi. Let Zj C Xy, be 
the generic fiber over yi of a minimal one among all such non-kit centers. Then 
Zi is normal and if we write {Kx^ + A" -|- r)\z, = Kz^ + A^,^, then (Zj, A^J is a 
kit pair and m{Kz^ + A^J ~ 0. Therefore, we have 

(1) the Poincare residue map gives a canonical isomorphism 

i?"^ : V = H\Z,, OzAHKz. + AzJ)), and 

(2) aijk '■ Vi ^ Vj is induced by a birational map (pjik : Zj Zi (cf. [Kollart 
3.95]). 

We note that by [Kollart 3.95], this is independent of the choice of Zi up to 
an element in the image of the B-representation Bir(Zj, A^.) — )■ Aut{Vi). From 
this identification, stab(V^) is contained in the image of the B-representation. It 
follows from the argument in |Kollar[ 3.84] or [GongyolO 4.5] that the image of 



the B-representation is finite. Replacing m by a multiple, we may assume that 
the image of the B-representation is trivial. 

It follows from (13. 8p that we obtain a quotient A of T'^ =^ YJ^ which is a line 
bundle on Y whose pull-back to is Oy^{H). Since if is a divisor on which 
is very ample over [/, it follows that A is ample over U . It also follows that 
g*A = O xifT^iK X + A)); and hence Kx -|- A is semi-ample over U . □ 
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4. Base point free theorem 

In this section, we recall a version of Kawamata's theorem (cf. |Kawamata85j . 
[AmbroOS] . |Fujino05] , [Fujinoll] and |FG11] ) on good minimal models. 

Theorem 4.1 (Base point free theorem). Let f : X ^ U be a projective mor- 
phism and (X, A) a Q-factorial dlt pair. Assume that there exists an open subset 
f/° C U, such that 

(1) the image of any strata Sj of S = [AJ intersects , 

(2) Kx + A nef and {Kx + A)|xo is semi-ample over where = 
X Xjj f/°, and 

(3) for any component Si of S, {Kx + ^)\si is semi-ample over U. 
Then Kx -\- A is semi-ample over U. 

Proof. By (13. ip . [Kx -\- A)\s is semi-ample over U. The theorem now follows 
from |Fujino05 1.1]. □ 



5. Termination of flips 

In this section, we will prove (11. ip . We proceed by induction on n = dimX. 
Therefore we may assume (II. ip holds in dimension n — 1. As we have seen (cf. 
(14. ip ). the remaining problem is to show the existence of a minimal model. Here 
our strategy is similar to [BCHMlOj Section 5]. 

For any proper birational morphism /i : X' — X, we write fi*{Kx + A) + F = 
Kx' + A' where F, A' are effective divisors without common components. By 
(l2.1Up it suffices to prove the existence of a minimal model for {X', A'). Thus in 
the following we may replace X by a higher model X'. 

In what follows will denote restriction to so that for example X° = 
X XuW^ and /° = f\xo. Let F° = Proj/2(X7f/°; Kxo + A°). Let F D F° be a 
compactification over U. 

Lemma 5.1. There exist a smooth variety Y , a birational morphism Y ^ Y , a 
morphism kx '■ X Y and a dlt log pair {Z, Az) which are projective over U 
such that 

(1) there is if) : X --^ Z a good minimal model for Kx + A over Y and a 
corresponding projective morphism h : Z ^ Y such that kx = h o ip, 

(2) there exists an effective Q-divisor B and a g-nef Q-divisor class J such 
that Ky + B + J is big over U and for sufficiently divisible m > 

hx.Ox{m{Kx + A)) = OY{m{KY + B + J)). 

(3) Kz + ^*A ~Q h*{KY + B + J), 

(4) {Y,B) is dlt, log smooth, and all strata ofT= \_B\ intersect Y^ , 

(5) there are effective Q- divisors C, S and A on Y such that Ky + i? + 
J ^Q,u C -\- -\- A, A is ample over U, Supp(S) C Supp(T), (F, B + eC) 
and {X,A + eh*xC) are dlt for some e > 0. Moreover, we can assume 
(X, A + eh*xC) and {X, A) have the same non-kit centers, and 
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(6) for any < e ^ 1 there is a kit pair {Y, where 9^ ~q u B + J + e{A + 
C). 

Proof. By (12. ip . after possibly replacing X by a higher model X', we obtain 
{hx : X ^ Y, B , J) and a positive integer d such that 

• {Y, B) is a log smooth dlt pair, Ky + B + J is big over U and J is nef 
over U, 

• hx*Ox{dm{Kx + A)) = OyidmiKY + B + J)) for all m > 0. 

Since Ky + B + J \s big over U, we may write Ky + B + J ^q^u C + + A 
where A is ample over U, C and S are effective and have no common components 
and Supp(S) C Supp(T). Replacing X and Y by higher models, we may further 
assume that (F, Supp(i? + C)) is log smooth. In particular, Supp(C) does not 
contain any non-kit centers of (Y,B). By the definition of B, we know that 
h*xC does not contain any non-kit center of (X, A). Thus, if < e ^ 1, then 
{X,A + eh*x{C)) is dlt and has the same non-kit centers as (X, A). We can 
further assume that [Y, B 4- eC) is dlt and J + eA is ample over U so that 
B + J + e{C + A) r^Q,u Qe where (F, 9,) is kit. 

Since, by ^3), 

R{X/Y, d{Kx + A + eh*j^{C + A))) = R{Y/Y, d{Ky + B + J + €{C + A))), 

R{X/Y,Kx + A + eh*x{C + A)) is finitely generated over Y and so by fl2TTD 
and fl2.12p there is a good minimal model for Kx + A over Y which we denote 
by i/j : (X, A) --^ {Z,Az). We then have Kz + Az ~Q,y thus Kz + Az ~(q 
h*{Ky + B + J). Properties (1-6) are easily seen to hold. □ 

In particular, (15.11 6) implies that, for any < e -C 1, the ring R(Y/U, Ky + 
B + J + e{A + C)) is finitely generated by |BCHM10] . We next construct a good 
model of (X, A -|- eh\{A + C)) which, after restricting over [7*^, yields a good 
model of (X, A) x^; ?7°. 

Lemma 5.2. With the above notation, ifO<e<^l, then after replacing X by a 
higher model, 

(1) there is a Ky + B + J+£{C + A) good minimal model over U sayY--'^Y', 

(2) Kx + A + eh^ {A + C) has a minimal model over U, Z' equipped with a 
morphism h' : Z' ^ Y' , and 

(3) {Ky, + B' + J' + t{C' + A'))\y,o IS semi-ample over U° forO<t< e. 

Proof Since Ky + B + J + e{A + C) ~Q,t/ Ky + 9^, (F, 9^) is kit and F ^ F 
is birational, by (12.30 . there is a minimal model of Ky + B + J + e{C + A) over 
F say rj -.Y --^ Y". By (12.130 . we know that there is a birational contraction 
: Z --^ Z" and a morphism h!' : Z" — )■ Y" such that 



li.{Kz + Az + e{A + C)) h!'\r],{Ky + 9^). 
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Since ip is {Kx + A)-negative and fi is {Kz + + eh* {A + C))-negative, we see 
that ifO<e<l,/io?/;is {Kx + A + eh^iC + 74))-negative, then X Z" is a 
good model for i^x + A + eh*x{C + A) over F". 

We note that Z" is a minimal model of (Z, A^ + eh*{C + A)) over Y. Since 
F° = Proji?(X7?7°; Kxo+A°), applying (^M) to the good model Z° of A°) 
over ?7°, we obtain that for < t < e, Kz"o + + th*{A° + C°)) is nef over 

U^, i.e., Z'"^ is indeed a minimal model of {X, A + th*{C + A))\x" over Hence 
is a minimal model of (Y, Qt ~Q,r/ B + J + t{C + A))|(70 over f/° for any 
< t <^ e. When t = 0, as is a weak log canonical model of (X, A)|;7q, we 
also know that rj^lKy + B + J)|y"o is the pull back of a relatively ample divisor 
on F° over U^. Thus replacing e by a sufficiently small one, we may assume that 
{Ky" + f]*Qt)\Y"o is nef for < t < e. 

Running the {Ky" + 77*6e)-MMP with scaling of an ample divisor over U, we 
obtain a {Ky + Oe)-minimal model over U say Y y. Since over f/", F"^ is 
isomorphic to Y"^, this implies that {Kyr + B' + J' + t{A' + C")) |y/o is semiample 
for < t < e. Now it is easy to see that Y' satisfies (1) and (3). 

We apply (12.131) to Z" — )■ Y" and the sequence of fiips and divisorial contrac- 
tions Y" --->• y and we obtain a birational contraction Z" ---»• Z' and a morphism 
Z' — 7- Y'. Then it is easy to see that Z' satisfies (2). □ 

Lemma 5.3. Let := N^{Ky + B + J + e{C + A)/U). We may assume that 

Supp(A/'eO = Supp(A^,) for all < e' < e. 

Proof. Note that if : F y^' is a minimal model of Ky + B + J + e'{C + A) 
over f/, then the support of N^i equals the set of ?7-exceptional divisors. 

Since Supp(Ai'e/) C Supp(A^o-(i^'y-|--B-|- J/f/)-|-C-|-74), we may find a decreasing 
sequence e^- with lime^ = such that A^^^ is fixed (independent of j). Replacing 
e by ei, we may assume that A^^^^ = A'^,. 

Suppose that ej > e' > ej+i, then by convexity of N^, we have Supp(A''e/) C 
Supp(A^ei + ^ei+i) = Supp(Ai'e). Suppose that the above inclusion is strict for 
an infinite decreasing sequence e- with limit 0. Passing to a subsequence, we 
may assume that there is a component M of the support of which is not 
contained in N^i_. But then we may find > > e'^ and by convexity of N^, 
M is not a component of Supp(A''e ) = Supp(A''e). This is a contradiction and so 
Supp(iVe') = Supp(A^,). ' □ 

We now run a {Ky> + B' + J')-MMP over U with scaling of e(C" + A') (see 
()5.4p below). Then there is a decreasing sequence e = sq > si > S2 > ■ ■ ■ > 
such that Ky + B[ + J[ + s{C[ + A'^) is nef over U for all Si > s > Sj+i where 
sq = e and either the sequence is finite in which case we let sn+i = or the 
sequence is infinite and we have limsj = 0. Here, for any divisor G on F, we let 
G' (resp. G-) be the strict transform of G on Y' (resp. on F/). Note that by 
(15.21 3). each rational map F/ --->■ Yl^^ restricts to an isomorphism over . By 
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the above lemma, we know that for any i > 0, the rational map ¥'--">■ Y-' is an 
isomorphism in codimension 1. 

Remark 5.4. Since {Y, B + e(C + A)) is dlt, A is ample over U and J is nef over 
U , for any e > t > we may pick an M-divisor Gt ~]R,i7 B + J + t{C + A) such 
that (y, + (e - t)(C + A)) is kit. It follows that (V', 6^ + (e - t)(C" + A')) 
is also kit. We then fix a decreasing sequence ti with limit and we run the 
{Ky + Q't )-MMP over U with scaling of {e — ti){C' + A'). In this way we obtain a 
\KY'+B'+J'+ti{C'+A'))-ymY> over t/ with scaling of {e-ti){C' +A') say Y' 
y/ ... y/ where s,, > ti > Si,+i. Note that (y/ , et, + (ti-t2)(C;+A:j) 
is also kit and therefore we may run the {Ky' + 0t2)-MMP over U with scaling 

of [ti — t2){C[^ + A[^). Repeating the above procedure we obtain the required 
MMP with scaling over U . 

The following proposition is the main technical result of this section. 

Proposition 5.5. This MMP with scaling terminates. 

Proof. We assume that we have an infinite sequence as above and we deduce a 
contradiction. 

Let Ti C y/ be a flipping curve, then {C[+A'^)-Ti > and {Ky^' + Jl+BD-Ti < 
so that ■ Fj < 0. In particular, the flipping locus always intersects = [5,-J . 

Lemma 5.6. There exists a sequence of birational contractions Z --^ Z' = 
Z'q ---> Z[ Z^ ---> ... and morphisms hi : Z'^ — )■ Y- such that 

(1) Kz'^ + Az'^ h*{Ky> + B[ + j;), 

(2) Z Z[ is a good minimal model of Kz + + Sih*{C + A) over U, and 

(3) Zl --■>■ Z''^^ is an isomorphism over . 

Proof. Let Z'q = Z' . Proceeding by induction, we assume that we are given 
hi : {Z'i, Az'. + Sih*i{C'i + A'i)) Y- as in the above claim. 

We now apply fl2.13p to Z'- Y-' and obtain Z'-_^_^ ^l+i which satisfies (1) 
and (2). Since Z[j^^ in (12.1 3p can be assumed to be obtained by running MMP 
with scaling (cf fl2.9p ) over W , we know that (3) also holds. □ 

For all z ^ 0, we may assume that Z[ Z[j^^ are isomorphisms in codimen- 
sion 1. Fix a component G of S* = [AJ which is not contracted hy X Zi and 
let G'i be its strict transform on Z'i. Denote by A^^ = DiffG^(A^^' — (?■)• By a 
discrepancy computation (cf. the arguments in the proofs of Step 1 and Step 2 
of |Corti07t 4.2.1]), we may assume that the induced rational maps G'i --■> G^^^ 
are isomorphisms in codimension 1 for any i > io- Let Ui : — G^ be a Q- 
factoralization. Therefore, if we let $j = hi{Ai + Ci)\G'^, then for any i > io, Gi is 
a minimal model of (G',. A +Si$j„). In particular A^'a-f-ft'G' +^g'- +Si^i,jU) = 
for z > iQ. By semicontinuity of N(j{-/U), we have N^^Kcr + Aq'. /U) = 0. 

Since we are assuming (ll.ll) .„_i . we may assume that each Kqi^^ + A^^^^ = 
u* iKc' + Aqi ) has a good minimal model GJ" --^ G over U which is also a 
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good minimal model over U for Kq' + ^g' (and in fact for any Kq' + ^g' 
where i > zq)- There is a morphism x '■ G ^ D = PToi{G/U, Kq + Ag). 
Since N^{Kg'. + Ac /f/) = 0, it follows that GJ' --■>■ G is an isomorphism in 
codimension 1 for z > zq- Note that {Kq'. + A(7/)|G/xyC/o is nef over f/°. By f l2.9p . 
we can assume that G is obtained by a sequence of {Kq"^ + AG'j')-flips. 

In particular we can assume that --^ (5 is an isomorphism over f/". This 
implies that it is an isomorphism at the generic point of each non-kit center of 
(G, Ag) (cf. IBCHMlOl 3.10.11]), where Ag is the push-forward of A^/ on G. 
Let $ be the push-forward of <l>j to G. Therefore, there exists a rational number 
< to ^ 1 such that (G, Ag + to^*) is dlt with the same non-kit centers as 
(G,Ae). 

Lemma 5.7. There exists a good minimal model G™ of (G, Ag + to^*) over Z). 

Proof. By our assumption the images of the non-kit centers of (G, Ag) intersect 
f/°. Thus all non-kit centers of (G, Ag + to*) intersect G° = G x^/ [/°. (Kg; + 
+ to^i) is semi-ample over [/ and hence so is {Kq + Ag + to5')|GO over f/°. 
Therefore, (-R'(5+ Ag-fto^) Igo is semi-ample over Z)°. The claim is now immediate 
from ^n-i. □ 

By (12. 6p . after possibly replacing to by a smaller positive number, we can 
assume G G"^ is a minimal model of (G, Ag + to*) over U . By fll.iP r>_i this 
minimal model is good. It follows that KQm, + Agm + ti*™ is semi-ample over U 
for all < t < to and so 

R{G'"'/U; Ken. + Ag„., i^g™ + Ag.. + to*"') 

is finitely generated. Since G G™ is Kg + Ag + t$ non-positive for < t < to, 
R{G/U; Kg + Aq, Kq + Aq + to<l) is also finitely generated. 

Lemma 5.8. There exists an Iq ^ 0, such that the rational maps Z[ --->■ Z'^j^^ 
are isomorphisms on a neighborhood of G[ for all i > Iq. 

Proof. Let F be a geometric valuation over G and D be a Q-divisor on G such 
that k{D/U) > 0. Then we let ar{D) = mi{mu\tr{D')\D D' > 0}. So we 
have 

ariKcn. + Acm + t^"" /U) = for all < t < to. 

Note that G"* is isomorphic to G^ in codimension 1 for any i ^ 0. So if we assume 
Si < to for i > io, then ar{-/U) is linear on the cone Cj C DivK(G^) spanned by 
i^*{Kg'^+Ag'J and u*{Kg'^+ Ao'^+to^^,) (see e.g., [ULTOj 5.2]). Since Z', Zl_,^ 
is a sequence of {Kz'. + A^/)-flips over U which is {Kz'. + Az[ + Sih*{Ci + Ai))- 
trivial, if Z[ --^ is not an isomorphism on a neighborhood of G^, then there 
exists a divisor E over G[ such that for any rational number < 5 < Sj, the 
discrepancies satisfy 

a{E- G:, Kg'^ + Ag'^ + (s, - 5)$,) < a(E; G^+i, i^c^^^ + A^;^^ + {s, - 5)$,+i). 
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This implies that (Je{Kg'^ + A^^ + (s^ - 5)^i/U) > 0. Since aEiKc'^ + A^^ + 
Si^i/U) = 0, this is a contradiction to the fact that (XEi'/U) is hnear nonnegative 
on d. □ 

Thus we may assume that each Z- Z-^^^ is an isomorphism on a neighbor- 
hood of [^z'-\ for i > io- 

Any component Sj of [i?-J is the birational image of a component S of [-BJ on Y 
which is not in N(j{Ky + B + J + Si{A + C) /U). By the calculation of Kawamata 
subadjunction (cf. (12.11) ). we know that S is dominated by a component G 
contained in [A^J . Furthermore, since 

h*{Ky + B + J + Si{A + C)) ~Q Kz + Az + Sih*{A + C), 

we know that G is not contained in N^^Kz + A^ + Sih*{A + C)/U). This implies 
that it is not contracted by Z --->• Z[. We denote it by G[. Because the pull back 

of Kyi + B'i + + - ^)(^^ + ^0 *o ^G'r + + - ^hich is 

nef for G'^ C [A^/J and any 5 < Si, then it follows that each Y/ --^ ^Ui is an 
isomorphism on a neighborhood of Hj. Since Hj could be any component of [fij , 
this is impossible and hence the given {Ky/ + B' + J')-MMP with scaling over U 
terminates. This finishes the proof of (15. 5p . □ 

Corollary 5.9. The rational map Z --^ Z'j^ is {Kz + A z) -non-positive and so 
R{X/U, Kx + A)= R{Z'^/U, Kz'^ + A^;^). 

Proof. Immediate from the fact that Z Z'j^ is a minimal model of Kz + A^ + 
th*{C + A) for all < t < sn- □ 

Proof of (11.11) . By what we have seen above, Kz'^ + is nef over U and in 
particular Kzo^ + A^o^ is nef over f/° where = Z'j^ U^. Notice moreover 
that 

R{Zl/U\ Kzo^ + Azo^) = R{X%/U\ Kxo + A°) 
is finitely generated. By (I2.12p . Kzo^ + A^o^ has a good minimal model over 
f/°. Thus, Kzo^ + A^o^ is semi-ample over f/°. By induction on the dimension 
Kt'^ + At'^ = {Kz'^ + Az'JIt'^ is semi-ample over U. By (gl]), Kz'^ + Az'^ is 
semi-ample over U. Thus 

R{X/U, Kx + A)= R{Z'^/U, Kz'^ + Az'^), 

which is finitely generated and by (12.121) . {X, A) has a good minimal model over 
U. □ 

6. Proof of Corollaries 

Proof of (11.21) . It follows from the assumption that there exists a compactifica- 
tion X^ C X'^, such that : X'^ — )■ f/ is projective. Let A*^ be the closure of A° 
in Let TT : X ^ be a log resolution of (X^ A^ U /^"^(?7 \ f/°)). Write 

(7rUo)*(i^xo + A°) = Kxo + A° - F°, 
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where = vr and A*^ and F° are effective 

components. There is a commutative diagram 

^X 



})-divisors without common 



X' 



X' 



u 



Let us consider the pair (X, A), where A is the closure of A° in X. Thus the 
pair (X, A) and the morphism X — )■ X'^ satisfy the assumptions of fll.ip (where 
we choose the open set of X'^ to be X'^). Therefore, we can take {X, A) to be the 
relative log canonical model of (X, A) over X'^. Finally note that (X, A) Xj/ = 
(XO,AO). □ 

Definition 6.1. Recall that a morphism / : (X, A) — t- U from a Ic pair to a 
smooth curve U is semi-stable, if for all p ^ U, we have that (X, Supp(A) + Xp) 
is log smooth and Xp = f~^{j>) is reduced. 

Proof of (11.41) . Given f^ : X° — )■ [/ an affine morphism of finite type, we can 
choose a closure / : X'^ — )■ U which is projective. It follows from |KM98l 7.17] 
(which is essentially in jKKMS73] ) that after a surjective base change 6* : f/ — )■ f/, 
we can assume that there exists a log resolution tt : X — >■ (X'^,X'^ \ X*^) where 
X" = X° X {/ [/ and X'^ is the normalization of the main component of X'^ Xu U, 
such that / : (X,Ex(7f)) — )■ f/ is semi-stable. 

Denote by X*^ = 7r~^(X°). We note that X'' is log canonical since f'^ is a Ic 
morphism. 

XO X X 



Ia-o 



xc 



X' 




Write {7r\xo)*Kj^o = Kxo + E° - and take the closure of E° in X to be 
A. In particular, (X, A) is a family of semi-stable pairs over U. Therefore, 
(X, A + Xp) is dlt for any p e U. Applying (II. ip to (X, A) over X^, where we 
choose the open set of X'^ to be X°, we conclude that we have a log canonical 
model X = PYoiR{X /X'^, Kx + A) and a morphism vr : X — )■ X'^. It is easy 
to see that the induced morphism X — t/ is an Ic morphism. Since X° is log 
canonical, vr is an isomorphism over X''. □ 



Proof of (II. 5p . The proof is similar to the the proof of (II. 4p . After compactifying 
the family and applying semi-stable reduction, we can construct a semi-stable 
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family (X, A) over U (where U — ?■ f/ is a finite surjective morphism), such that 
A°) X[/f/ is the log canonical model of {X, A) XuU^. By f ll.ip . there exists a 
(i^jf +A)-log canonical model X X over U. This gives the required morphism 
f -.X -^U. □ 

Proof of (11. 6p . If A' meets the generic fiber of /, then Kx + A" is not pseudo- 
effective over U. In this case the result follows from (12.31 3) . Therefore, we may 
assume that A' does not meet the generic fiber of / so that Kx + A" is pseudo- 
effective over U. By it suffices to verify that R{X/U, Kx + A") is finitely 
generated. 

Let = U\ /(A'). Let z/ : X' ^ X be a log resolution of (X, A' + A"). We 
write i'*{Kx + A") + F = Kx' + A^,, where A^, and F are effective and do not 
have common components. 

Claim 6.2. After replacing X' by a higher model, we can assume that there 
exists pairs {Z, A'^) and {Y, B + J) and a commutative diagram 

X' Z " Y 

9 

X ► f/, 

such that 

(1) /i : X' Z is a birational contraction, A'^ = yU^A^, and fi is {Kx' + 
A^,)-negative; 

(2) /i : Z — 7- F is projective morphism such that Kz + A'^ ~(Q h* {Ky + B + J) , 
where {Y, B) is dlt and J is a nef Q-line bundle, 

(3) let T = \_B\ , then there are Q-divisors C, S and A on Y such that 

Ky+B + J 

~Q,!7 C + T, + A, A is ample over U, Supp(S) C Supp(T) 
and (F, B + eC), (Z, A'^ + eh*C) are dlt for some e > , and 

(4) for any < e ^ 1, there is a Ky + B + J + e{C + A) good minimal model 
over U say F F'. 

Proof. The argument is similar to the ones for (15. ip and (15. 2p . □ 

Then by the arguments in Section 5, we can run a {Kyi + B' + J')-MMP 
with scaling of e{A' + C) over U . We obtain a sequence of flips and divisorial 
contractions 

Y' = Y^-.Yl-. ^K-^---, 

and a non-increasing sequence of rational numbers e = Sq > Si > S2 > ■ ■ • > 
such that Kyi + B[ + J[ + s{C[ + A'^) is nef over U for all Si > s > Sj+i where 
So = e and either the sequence is finite in which case we let sx+i = 0, or the 
sequence is infinite and we have limsj = 0. 
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As in (15.61) . there exists a sequence of birational contractions Z Z' = 
Zq --->■ Z[ Z2 ... and morphisms hi : Z[ — )■ y/ such that 

(1) Z ---> Z[ is a good minimal model of Kz + A'^ + Sih*{C + A) over [/ and 

(2) Kz'^ + A'4, + + J'i). 

In particular, we can assume that for i sufficiently big, Z Zj contracts 
the birational image of any divisor F which is contained in B^{Kz + A'^/U). 
Therefore, if we let A'z = A', then i^^z+A' ,+A'', 0, and (Z;, A' ,+A'',) 

is Ic where AL and A'L, are the push forward of A'^ and A'^ to Z'^. 

i i 

The rest of the argument also closely follows Section 5. Fix a component G of 
5" = [A"J such that G is not contained in N„{Kx + A"/U). If we denote by G- 
the birational transform of G on Z'^, G^ G'^ a Q-factorialization, A^, = A'^, Ic 
and A^, = DiffG'/(A'^, —G'j), then by a discrepancy computation, we may assume 
that the induced rational maps --■> G'^^^ are isomorphisms in codimension 1 
for i > io > 1. 

Let A^,. and A'^., be the pull back of A'^, and A'^, to GJ'. Then Kq-^ + 
A'qi, + Aqu ~Q,t7 and {G^.A'qu + Aqu) is a log canonical pair. Since we are 
assuming (ll.6p ^_i . we may assume that each Kg'^ + Aq,, has a good minimal 
model G over U which is obtained by running a sequence of MMP with scaling 
of an ample divisor. Then Kq + Ag, is dlt and Kq + Ag + Ag ~q,(7 where 
A'g and A|4 are the push forwards of A^. and A^.. As N^{Kg- + A'^./U) = 0, 
we know G^ ---> (5 is an isomorphism in codimension 1 for any i > Iq. Let 
X '■ G ^ D = PToiR{G/U, Kq + Ag) be the corresponding morphism over U. 
Thus proceeding as in the proof of (15. 8p . it suffices to verify that Z'^ --■>• Z'^^-^ is 
an isomorphism on a neighborhood of [A'LJ for z ^ 0. We first need to prove 

i 

the following lemma. 

Lemma 6.3. For Si small enough, (G, Ag + Sj$) has a good minimal model over 
D, where $ is the the push forward of := h*{A'i + GjQIcj' to G. 

Proof. Denote hy ip : G V the Stein factorization of G — )■ [/. By choosing 
Si small enough, we can assume that (G, Ag) and (G, Ag + Si<l>) have the same 
non-kit centers. We claim that for any non-kit center Z of (G, Ag + Sj$), is 
not contained in x(Ag) (where x : G — )■ Z) is defined above). In fact, because Z is 
a non-kit center of (G, Ag), as (G, Ag + A^,) is log canonical, Z is not contained 
in Supp(Ag). Therefore we only need to show Supp(Ag) = x~^x(Ag). But this 
immediately follows from the fact that —A'q ~q,[/ Kq + Ag is nef over D. By a 
similar argument Supp(Ag) coincides with the pre-image of il){A'^) C V . 

Over l^\'0(Ag), Kq+A'^ is Q-linearly equivalent to 0, therefore, the restriction 
of -D = PToiR{G/U, Kq + Ag) — f/ induces an isomorphism of Z) \ x(Ag) to 
its image in V. Because G^ --^ G is an isomorphism in codimension 1 and 
V ^ U is finite, the fact that -R(G^ /U, i^c + A'q„ + Si^i) is a finitely generated 
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0[/-algebra implies R{G /V, Kq + Ag + is a finitely generated Oy-algebra. 
Thus by ( 12321) . (G, A'^ + has a good model over D \ xi^'o)- As L> \ xi^'a) 
intersects with the image of any non-kit center of (G, AJ4 + Sj$), the lemma 
follows from fll.ip . □ 

As the proof of (15. 8p shows, it follows that each Z- ---»■ Z-_^_i is an isomorphism 
on a neighborhood of [A'LJ for i ^ 0. Then by the same reason as the one in the 

i 

last paragraph of the proof of f l5.5p . this implies that the given {Ky' + B' + J')- 
MMP with scaling over U terminates. It follows that Kyi + A'L is nef over 

U and the restriction of Kz'^ + A'^, over U*^ is Q-linear equivalent to 0. Since 
Kz'^ + A'^, — A'^, is nef over f/, it follows from the argument of (16. 3 p that 
the image of any non-kit center of (Z^, A'^, ) intersects . By (II. ip . i^^/^ + ^"z' 
is semi-ample over f/. Since X' --■>■ is {Kx' + A^,)-non-positive, we have 
that 

R{X/U, Kx + A") = R{X'/U, Kx' + A^^,) 
is finitely generated. By (I2.12p and (12. 7p . the proof is complete. □ 

7. Remarks on the moduli functor 

Over the last few decades, the study of the moduli functor of canonical po- 
larized stable schemes has attracted a lot of interest. For simplicity, we restrict 
ourselves to the case when there is no boundary in the definition of the functor. 

Definition 7.1 (Moduh of sic models, cf. |KollarlO] 29]). Let H{m) be an integer 
valued function. The moduli functor of semi log canonical models with Hilbert 
function H is 

{flat morphisms of proper families X ^ S, 
fibers are sic models with ample canonical class 
and Hilbert function H(m), ux is flat over S 
and commutes with base change. 

We refer the forthcoming book |Kollar] for a detailed discussion of this subject 
and to |KollarlO] for a more concise survey. In this section, we will explain how 
to apply (II. 5p together with the arguments in [Kollart Chapter 3] to verify that 
the moduli functor A^l^*^ satisfies the valuative criterion for properness. 

We assume that over a germ = C\{p} of a smooth curve, we have a family 
of stable schemes X^ G Aiff{C^). Our goal is, to show that after an appropriate 
base change, we can compactify the family to get a family of stable schemes over 
C. Due to examples of Kollar (cf. [KoUarllat Proposition 1]), the pluricanonical 
ring of a sic variety is not necessarily finitely generated. Therefore, for general sic 
varieties, we can not directly run the minimal model program to find the relative 
canonical model. 

Instead, Kollar suggests the following strategy: Consider the normalization, 
n : X° = UjX° X° and write n*Kxo = Kxo + f °, where f ° = U^f ° denotes 
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the double locus. Since r°) comes from the normalization of X^, we have 
the gluing data {X^, r°, r°) such that the quotient is X^. 

Step 1: Applying f ll.Sp . we conclude that after a base change of C, there exist log 
canonical models (Xj^Tj) over C which extend {Xj,r^) and admit a projective 
Ic morphism Xj — C. Let X = UXj and T the closure of r° in X. 
Step 2: We extend the gluing data r°, r°) to a gluing data (X, F, r). Indeed, 
we only need to show that we can extend the involution r*^ : f*^ — t- r° to an 
involution r : F — )■ F, which is verified by the following lemma. 

Lemma 7.2. Let (Y,Ty) and {Z,Tz) be two projective Ic morphisms (see (11. 3p ) 
over a smooth curve C, such that Ky + Fy and Kz + Tz are ample over C . We 
assume there exists a dense open set = C \ {p}, such that the base changes 
[Y^, Fy) and {Z^, F^) over C° are isomorphic. Then (Y, Fy) and {Z, Tz) are 
isomorphic. 

Proof. Let p : W ^ Y and q : W ^ Z he a. common resolution of Y and Z. 
Write p*{Ky + Fy) + Ey = Kw + "^y and q*{Kz + Tz) + Ez = Kw + ^z such 
that Ey and <l>y (resp. Ez and are effective Q-divisors without common 
components. Since (F, Fy) — j- C is an Ic morphism, any divisor E whose center 
on Y is contained in a fiber has discrepancy a(-E, 1^, F) > (cf. |KM98[ 7.2(2)]). 
Therefore, p^^(Fy) = $y = $^ = q'^^iVz) and so 

r ^ Proji?(W^/C, i^vi/ + $y) = Proji?(PF/C, i^iy + $2) ^ Z. 

□ 

Step 3: Applying the gluing theory developed in [Kollart Chapter 3], KoUar 
shows that the gluing data (X, F, r) yields a quotient X over C, which is sic. 
Then X/C is the corresponding family of canonical polarized sic models which 
extends X'^/C^. 
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